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Abstract
The classical three-dimensional Hertz contact problem is re-examined in
the present work within the context of couple-stress elasticity. This the-
ory introduces characteristic material length scales that emerge from the
underlying microstructure and has proved to be very effective yet rather
simple for modeling complex microstructured materials. An exact solution
of the axisymmetric contact problem is obtained through Hankel integral
transforms and singular integral equations. The goal is to examine to what
extend this gradient theory captures the experimentally observed indenta-
tion response and the related size effects in materials with microstructure.
Furthermore, the present work extends the classical Hertz contact solution
in the framework of a generalized continuum theory providing thus a useful
theoretical background for the interpretation of spherical indentation tests
of microstructured materials. The results obtained in the present work can
be used in order to model nano/micro indentation experiments of several
materials, such as polymers, ceramics, composites, cellular materials, foams,
masonry, and bone tissues, of which their macroscopic response is influenced
by the microstructural characteristic lengths.
Keywords: size-effects, polymers; microstructure; Cosserat elasticity; spherical
indentation
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1 Introduction
The celebrated Hertz 3D contact problem is revisited in this work in the context
of couple-stress elasticity. The Hertz problem involves a half-space whose surface
is indented by a rigid spherical indenter. The original solution was first published
in 1882 by Heinrich Hertz in his seminal paper "On the contact of elastic solids"
(Hertz, 1882). Hertz worked towards the understanding of the effect of the force
applied on multiple stacked lenses upon their optical properties. Hertz showed
that the contact stress that develops as two curved surfaces come in contact and
deform under the imposed loads depends upon the normal contact force, the radii
of curvature of both bodies as well as the modulus of elasticity of both bodies. The
Hertzian contact solution is the building block of elastic contact mechanics with
a wide range of applicability ranging from geotechnical applications where the
solution is used determine the load bearing capacity of soil to the determination
of the fatigue life in bearings, gears, and any other bodies where two surfaces are
in contact.
The Hertz contact solution has been extensively used as the basis for the
spherical indentation testing technique which is commonly applied for the deter-
mination of material properties and the characterization of deformation behaviour
at small length scales. As the contact scales in such experiments reduce progres-
sively (from micro to nano-scales) the internal material lengths become important
and their effect upon the macroscopic response cannot be ignored. There is ample
experimental evidence from different indentation experiments in metals (Cao et
al., 2006) and polymers (Briscoe et al., 1998; Chong et al., 1999; Dutta et al.,
2004; Zhang et al., 2002; Shen et al., 2005) that the produced deformation is
length scale dependent. While in metals this length scale dependent deformation
is associated with geometrically necessary dislocations (Nix and Gao, 1998), in
polymers size effects have been associated with elastic deformations (McFarland
and Colton, 2005; Alisafaei et al., 2014). In particular, size effects in polymers
have been attributed to surface effects (Zhang and Xu, 2002; Zhang et al., 2004),
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friction (Lim and Chaudhri, 2006), tip imperfections (Flores and Calleja, 1998),
material inhomogeneities (Briscoe et al., 1998), surface adhesion (Johnson et al.,
1971), as well as multi-physics phenomena such as piezoelectricity (Giannakopou-
los amd Suresh, 1999), magnetoelasticity (Giannakopoulos end Parmaklis, 2007),
and flexoelectricity (Mao et al., 2016). It seems, however, that the contact related
size phenomenon is mainly the result of the imposed higher order displacement
gradients emerging in the vicinity of the tip of the indentor (Briscoe et al., 1998;
Chong and Lam, 1999; Alisafaei et al., 2014; Lam and Chong, 1999; Lam and
Chong, 2000; Lam and Chong, 2001; Swaddiwudhipong et al., 2005; Nikolov et
al., 2007; Han, 2010; Alisafaei et al., 2013; Voyiadjis et al., 2014; Garg et al.,
2016). It has been further shown that size effects in elastomers are considerably
more pronounced than in thermoset or thermoplastic polymers in which the size
effect is attributed to their molecular structure.
In the present study, we examine the static spherical indentation technique in
the context of the couple stress elasticity theory. The couple-stress theory is the
simplest gradient type generalized continuum theory where higher order deforma-
tion gradients arise and it has been proven very effective in modelling microstruc-
tured materials. In particular, the couple-stress theory assumes an augmented
form of the Euler-Cauchy principle with a non-vanishing couple traction, and a
strain-energy density that depends upon both the strain and the gradient of rota-
tion. An isotropic couple-stress material is described by four material parameters
in the three-dimensional case. Two of them have an analogous meaning with the
Lame constants of classical theory and the additional two are related to the bend-
ing and the torsional stiffness at the material point. The additional parameters
can be expressed in terms of a characteristic length, the existence of which shows
that the couple-stress theory encompasses the possibility of analytically describing
size effects.
The present study extends the classical Hertz contact solution in the framework
of a generalized continuum theory. It is expected that this work may essentially
3
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provide a useful theoretical basis for the interpretation of spherical indentation
tests of microstructured materials and the related size effects. The results obtained
can be used to model nano/micro indentation experiments of several materials of
which their macroscopic response is strongly influenced by the microstructural
characteristic lengths, such as polymers, ceramics, composites, cellular materials,
foams, masonry, and bone tissues.
2 Fundamentals of couple-stress elasticity
In the theory of couple–stress elasticity, also known as Cosserat theory with con-
strained rotations, the modified strain–energy density and the resulting constitu-
tive relations involve, besides the usual infinitesimal strains, certain strain gradi-
ents known as the rotation gradients (Mindlin and Tiersten, 1962; Koiter, 1964).
The generalized stress–strain relations for the isotropic case include, in addition to
the conventional pair of elastic constants, two new elastic constants, one of which
is expressible in terms of a material parameter that has dimensions of length.
The presence of this length parameter, in turn, implies that the modified theory
encompasses the possibility of size effects. In fact, the couple-stress elasticity
theory has been already employed successfully to model size effects in fracture
(Gourgiotis and Georgiadis, 2007; Radi, 2008; Mishuris et al., 2012; Morini et al.,
2013) and contact problems (Zisis et al., 2014; Zisis, 2017; Karuriya and Bhan-
dakkar, 2017; Song et al., 2017). It should be further noted that only few three
dimensional solutions exist within the context of gradient theories with the ma-
jority of them concerning traction boundary value problems for concentrated or
distributed loads (see for example Ejike, 1970; Anagnostou et al., 2013; Gao and
Zhou, 2013; Georgiadis et al., 2014);
We begin by giving a brief account of the theory of couple–stress elasticity. A
thorough account of the anisotropic couple-stress theory is given in (Gourgiotis
and Bigoni, 2016; Bigoni and Gourgiotis, 2016) In the absence of inertia effects
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and body loads, the balance laws for the linear and angular momentum lead to
the following force and moment equations of equilibrium (Mindlin and Tiersten,
1962)
σji,j = 0, eijkσjk +mji,j = 0, (1)
where a Cartesian rectangular coordinate system Oxyz is used along with indicial
notation and summation convention. In these equations σij is the force–stress
tensor, mij is the couple-stress tensor, comma denotes partial differentiation and
eijk is Levi–Civita alternating symbol. Further, σij can be decomposed into its
symmetric and anti-symmetric components as follows
σij = τij + αij, (2)
with τij = τji and αij = −αji . Using (2), the anti-symmetric part of the stress
tensor can be written as
αij = −1
2
eijkmpk,p (3)
from which follows that the stress tensor is symmetric for a vanishing divergence
of couple-stresses.
Concerning the kinematical description of the continuum, the following pri-
mary kinematical fields are defined in the framework of the geometrically linear
theory
εij =
1
2
(uj,i + ui,j) , ωi =
1
2
eijkuk,j, κij = ωj,i. (4)
where εij is the strain tensor, ωi is the rotation vector, and κij is the curvature ten-
sor (i.e. the gradient of rotation or the curl of the strain) expressed in dimensions
of [length]−1, which by definition is traceless: κii = 0 since ωi,i = 0.
Regarding the boundary conditions, we note that in the constrained couple-
stress theory the normal component of the rotation vector is fully specified by
the distribution of tangential displacements over the boundary. This implies that
the traction boundary conditions, at any point on a smooth boundary or section,
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consist of the following three reduced force-tractions and two tangential couple-
tractions
P
(n)
i = σjinj −
1
2
eijknjm(nn),k, R
(n)
i = mjinj −m(nn)ni (5)
where m(nn) = ninjmij is the normal component of the couple-stress tensor mij,
and ni are the components of the unit vector outward normal to the surface.
Assuming a linear and isotropic material response, the constitutive equations
for an isotropic couple-stress medium become
τij = λεkkδij + 2µεij, mij = 4ηκij + 4η
′κji (6)
where the moduli (λ, µ) have the same meaning as the Lamè constants of classical
elasticity theory and are expressed in dimensions of [force][length]−2, and the
moduli ( η, η′) account for couple–stress effects and are expressed in dimensions
of [force].
Incorporating now the constitutive relations (6) into the equations of equilib-
rium (1), and using the geometric relations (4), one may obtain the equations of
equilibrium in terms of the displacements
∇2u+ (λ+ µ)∇ (∇ · u)− µ`2∇2 [∇2u−∇ (∇ · u)] = 0 (7)
where ` ≡ (η/µ )1/2 is the characteristic material length. In the limit ` → 0, the
Navier-Cauchy equations of classical linear isotropic elasticity are recovered from
(9). Mindlin and Tiersten (1962) have shown that the displacement vector u in
(9) can be expressed as:
u = B− `2∇∇ ·B− λ+ µ
2 (λ+ 2µ)
∇ (x · (1− `2∇2)B+B0) , (8)
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where x is the position vector, B is a vector function satisfying
(
1− `2∇2)∇2B = 0, (9)
and B0 a scalar function such that:
∇2B0 = 0. (10)
Since we are aiming towards a solution of the axisymmetric Hertz contact problem,
a cylindrical coordinate system (r, θ, z) will be employed. Through simple coordi-
nate transformations, we find that the non-vanishing components of the rotation
vector and the curvature-twist tensor, Eq. (4), are given in the axisymmetric case
by (Ejike, 1969)
ωθ =
1
2
(
∂ur
∂z
− ∂uz
∂r
)
, κθr = −ωθ
r
, κrθ =
∂ωθ
∂r
κzθ =
∂ωθ
∂z
, (11)
where ur (r, z) and uz (r, z) are the components of the displacement vector in
cylindrical coordinates. Note that all quantities are independent of the angular
coordinate θ and that uθ ≡ 0.
The non-vanishing components of the couple-stress tensor become then
mrθ = 4µ`
2
(
∂ωθ
∂r
− β
r
ωθ
)
, mθr = 4µ`
2
(
β
∂ωθ
∂r
− 1
r
ωθ
)
,
mzθ = 4µ`
2∂ωθ
∂z
, mθz = 4µβ`
2∂ωθ
∂z
= βmzθ,
(12)
where β = η′/η is a dimensionless parameter that varies in the range: −1 < β < 1.
Accordingly, using (3), the only non vanishing component of the antisymmetric
part of the stress tensor reads
αzr = −αrz = −1
2
(
∂mrθ
∂r
+
mrθ +mθr
r
+
∂mzθ
∂z
)
. (13)
Further, for a flat boundary that is characterized by the unit normal n =
7
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
(0, 0, 1), the reduced force-stress tractions defined by (5) read in cylindrical coor-
dinates:
P (n)r =σzr = τzr + αzr =
= µ
[
∂ur
∂z
+
∂uz
∂r
− `2
(
∂2
∂r2
+
1
r
∂
∂r
− 1
r2
+
∂2
∂z2
)(
∂ur
∂z
− ∂uz
∂r
)]
,
. (14)
Note that m(nn) = mzz = 0 in the axisymmetric case considered here.
P (n)z = σzz = λ
1
r
∂
∂r
(r ur) + (λ+ 2µ)
∂uz
∂z
, P
(n)
θ ≡ 0, (15)
while, the couple-stress tractions become
R
(n)
θ = mzθ = 2µ`
2 ∂
∂z
(
∂ur
∂z
− ∂uz
∂r
)
, (16)
R(n)r ≡ R(n)z ≡ 0. (17)
Taking B to be the vector (0, 0, Ψ) and B0 the scalar function Φ, where Φ and
Ψ are functions of (r, z), Eqs (8) give
ur = − ∂
∂r
[
`2
∂Ψ
∂z
+ α
(
z
(
1− `2∇2)Ψ + Φ)] , (18)
uz = Ψ− `2∂
2Ψ
∂z2
− α ∂
∂z
(
z
(
1− `2∇2)Ψ + Φ) , (19)
ωθ = −1
2
∂Ψ
∂r
, (20)
where
α =
λ+ µ
2 (λ+ 2µ)
=
1
4 (1− ν) (21)
with ν being the Poisson’s ratio. The functions (Φ,Ψ) satisfy the differential
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equations
∇2Φ = 0, (1− `2∇2)∇2Ψ = 0, (22)
with
∇2 = ∂
2
∂r2
+
1
r
∂
∂r
+
∂2
∂z2
. (23)
As a final comment, before proceeding any further, we note that the governing
equations (22) and the tractions defined on flat boundary do not depend upon
the dimensionless parameter β for the case of the axisymmetric deformation.
3 Formulation of the contact problem and Hankel
transform analysis
Consider a traction-free elastic half-space defined by z ≥ 0, whose surface is
intended by a rigid spherical indenter of radius R as shown in Fig. 1. The
indenter is pressed in contact with the half-space under the action of a force P .
The vertical displacement of the points on the surface (z = 0) within the contact
area is given as
w(r) ≡ uz(r, 0) = δ − r
2
2R
, for 0 < r < a, (24)
where a is the contact radius and δ is the maximum penetration depth of the
indenter, i.e. δ = uz (r = 0, z = 0). Note that the quantity δ will be specified
through the solution of the problem. For a frictionless and smooth contact, the
traction boundary conditions within the context of couple-stress elasticity may
then be written as (Shu and Fleck, 1998)
σzz(r, 0) = 0, for a < r <∞, (25)
σzr(r, 0) = 0, for 0 < r <∞, (26)
mzθ(r, 0) = 0, for 0 < r <∞, (27)
9
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Figure 1: Spherical indentation by a rigid indenter of an elastic traction free half-space with
an indicative microstructure. The shear modulus of the half-space is µ, the Poisson’s ratio is ν
and the internal microstructural length scale is `.
within the contact region the normal traction becomes equal to the pressure p (r)
below the indentor:
σzz(r, 0) = −p(r) for 0 ≤ r < a. (28)
The axisymmetric nature of the Hertz contact problem lends itself to a Hankel
transform analysis. The direct and inverse Hankel transforms of the nth-order of
a function f(r, z) with respect to r are defined, respectively, as
Hn [f(r, z)] =
∫ ∞
0
r f (r, z) Jn (ξr) dr, (29)
H−1n
[
fˆ(ξ, z)
]
=
∫ ∞
0
ξ fˆ (ξ, z) Jn (ξr) dξ, (30)
where Jn is the Bessel function of the first kind.
Applying the Hankel transform to the governing field equations (22), we obtain
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the following representations for the functions Φ and Ψ suitable for z ≥ 0:
Φ(r, z) = H−10
[
ξ−1A (ξ) e−ξz
]
, (31)
Ψ(r, z) = H−10
[
ξ−1
{
B (ξ) e−ξz + C (ξ) e−ζz/`
}]
, (32)
where ζ = (1 + `2ξ2)1/2.
The functions A (ξ), B (ξ), and C (ξ) are determined using the traction bound-
ary conditions in (25). In particular, we obtain
A ≡ A (ξ) = 2 (1− ν)
µξN (ξ)
[N (ξ)− 2 (1− ν) ζ] pˆ (ξ) , (33)
B ≡ B (ξ) = 2 (1− ν) ζ
µN (ξ)
pˆ (ξ) , C ≡ C (ξ) = −2` (1− ν) ξ
µN (ξ)
pˆ (ξ) , (34)
with
N (ξ) = ζ + 4 (1− ν) `2ξ2 (ζ − `ξ) , (35)
and pˆ (ξ) is the transformed pressure below the indentor defined as
pˆ (ξ) =
∫ ∞
0
r p (r) J0 (ξ r) dr =
∫ a
0
r p (r) J0 (ξ r) dr (36)
where use of (28) has been made.
Utilizing the kinematic relations in (18) in conjunction with the constitutive
equations (6), we express the displacement rotation and the relevant stress com-
ponents, at any point of the half-space z ≥ 0, as
ur(r, z) = H−11
[
ξ−1
{[
α(1 + ξz)− 1
2
]
e−ξz B + γ(ξ, z)C
}]
, (37)
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uz(r, z) = H−10
[
ξ−1
{(
1
2
+ α ξ z
)
e−ξzB + `2 ξ2
(
e−ξ z − e−ζz/`)C}] , (38)
ωθ(r, z) = H−11
[
1
2
(
e−ξ zB + e−ζz/`C
)]
, (39)
σzz(r, z) = −2µH−10
[
α (1 + ξ z) e−ξ zB + γ(ξ, z)C
]
, (40)
σrr(r, z) = 2µH−10
[
(1 + α (ξz − 3)) e−ξ z B + γ(ξ, z)C]
− 2µ
r
H−11
[
ξ−1
{(
1
2
+ α (ξz − 1)
)
e−ξ z B + γ(ξ, z)C
}]
,
(41)
σθθ(r, z) = (1− 4α)µH−10
[
e−ξz B
]
+
2µ
r
H−11
[
ξ−1
{[
1
2
+ α (ξz + 1)
]
e−ξ z B + γ(ξ, z)C
}]
,
(42)
with γ(ξ, z) = ` ξ
(
` ξ e−ξ z − ζe−ζz/`).
The surface vertical displacement becomes then
w (r) =
(1− ν)
µ
∫ ∞
0
G (ξ) pˆ (ξ) J0 (ξr) dξ (43)
with
G (ξ) =
√
1 + `2ξ2√
1 + `2ξ2 + 4 (1− ν) `2 ξ2
(√
1 + `2ξ2 − ` ξ
) . (44)
4 Singular integral equation approach
Our objective now is the determination of the contact stress distribution p (r)
under the indentor and the determination of the contact radius a. For the solution
of the mixed boundary value problem, we will employ the method of singular
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integral equations. An application of the technique within the context of couple
stress elasticity for plane strain crack and contact problems can be found in the
works (Gourgiotis and Georgiadis, 2007; Gourgiotis and Georgiadis, 2007) and
(Zisis et al., 2014; Gourgiotis et al., 2016; Zisis et al., 2015), respectively.
Combining Eq (43) with (36) and (38), and interchanging the order of inte-
gration the vertical surface displacement can be written as
w (r) =
(1− ν)
µ
∫ a
0
ρK (r, ρ) p (ρ) dρ, (45)
where the kernel K(r, ρ) is defined as
K(r, ρ) =
∫ ∞
0
G (ξ) J0 (ξ ρ) J0 (ξ r) dξ. (46)
In order to make the kernel in (45) explicit, we separate its singular and regular
parts by examining the asymptotic behaviour of the function G(ξ) as ξ →∞ by
using theorems of the Abel-Tauber type. Noting that
G∞ = lim
ξ→∞
G(ξ) = (3− 2ν)−1, (47)
we decompose G(ξ) as follows:
G(ξ) = G∞ + [G (ξ)−G∞] (48)
and, accordingly, the kernel K becomes
K(r, ρ) =
1
3− 2νQa(r, ρ) +Qb(r, ρ) (49)
where
Qa(r, ρ) =
∫ ∞
0
J0(ξρ) J0(ξr) dξ =

2
pir
K
[ρ
r
]
, ρ < r
2
piρ
K
[
r
ρ
]
, ρ > r
, (50)
13
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
Qb(r, ρ) =
∫ ∞
0
[G (ξ)−G∞] J0(ξ, ρ) J0(ξr) dξ, (51)
with K[ ] being the first kind complete elliptic integral.
The surface displacement takes then the following form
w(r) =
(1− ν)
µ(3− 2ν)
∫ a
0
ρQa(r, ρ) p(ρ) dρ+
(1− ν)
µ
∫ a
0
ρQb(r, ρ) p(ρ) dρ, (52)
Differentiation of the surface displacement with respect to r yields
∂w
∂r
=
(1− ν)
µ(3− 2ν)
∫ a
0
ρ
∂Qa(r, ρ)
∂r
p(ρ) dρ+
(1− ν)
µ
∫ a
0
ρQ′b(r, ρ) p(ρ) dρ, (53)
where
Q′b(r, ρ) = −
∫ ∞
0
ξ [G(ξ)−G∞] J1(ξr) J0(ξρ) dξ, (54)
∂Qa(r, ρ)
∂r
=

2
pi(ρ2 − r2) E
[ρ
r
]
, ρ < r,
2
piρ r
(
ρ2
ρ2 − r2 E
[
r
ρ
]
−K
[
r
ρ
])
, ρ > r,
, (55)
with E[ ] being the second kind complete elliptic integral.
Following Erdogan (1965) and Civelek and Erdogan (1974), Eq. (53) can be
re-written in more convenient form as
∂w
∂r
=
2(1− ν)
µpi(3− 2ν)
∫ a
0
r h(r, ρ)
ρ2 − r2 p(ρ) dρ+
(1− ν)
µ
∫ a
0
ρQ′b(r, ρ) p(ρ) dρ, (56)
where the function h(r, ρ) is defined as
h(r, ρ) =

|ρ|
|r| E
[ρ
r
]
, |ρ| < |r|,
ρ2
r2
E
[
r
ρ
]
− ρ
2 − r2
r2
K
[
r
ρ
]
, |ρ| > |r|,
, (57)
with the property h(r, r) = 1.
Further, exploiting the fact that h(r, ρ) and ρQ′b(r, ρ) are even functions with
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respect to r and ρ, we extend the definition of the pressure distribution p(r) in
(56) to (−a, a). After some algebra, Eq. (56) assumes then the form
∂w
∂r
=
(1− ν)
µpi (3− 2ν)
∫ a
−a
p(ρ)
ρ− r dρ+
(1− ν)
µpi (3− 2ν)
∫ a
−a
Λ (r, ρ) p(ρ) dρ
+
(1− ν)
2µ
∫ a
−a
|ρ| p (ρ) Q′b (r, ρ) dρ,
(58)
where Λ(r, ρ) =
h(ρ, r)− 1
ρ− r . The function Λ(r, ρ) exhibits a logarithmic singular-
ity as |ρ− r| → 0, namely
Λ(r, ρ) =
1
2r
log|ρ− r|+O (1) (59)
In light of the above and taking into account Eq. (24), the singular integral
equation governing the axisymmetric Hertz problem in couple-stress elasticity
becomes
− (1− ν)
µpi (3− 2ν)
∫ a
−a
p (ρ)
r − ρ dρ+
(1− ν)
µpi (3− 2ν)
∫ a
−a
log|ρ− r|
2r
p (ρ) dρ
+
(1− ν)
µ
∫ a
−a
R (r, ρ) p (ρ) dρ = − r
R
, |r| < R,
(60)
where the regular kernel R(ρ, r) is defined as
R (r, ρ) = |ρ|
2
Q′b (r, ρ) +
1
pi (3− 2ν)
(
Λ (r, ρ)− log|ρ− r|
2r
)
(61)
Furthermore, the equilibrium condition reads
P = pi
∫ a
−a
|ρ| p(ρ) dρ. (62)
As in the classical elasticity theory, the Cauchy singular integral in Eq. (60)
dominates the logarithmic kernel and the regular kernel R(x − t) and therefore
determines the asymptotic nature of the pressure p(ρ) at the end points of the
contact region (r = a). In classical elasticity the pressure distribution p(ρ) in the
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axisymmetric Hertz contact problem is bounded at the end-points of the contact
area (Johnson, 1987). Accordingly, guided also by the results concerning the
modification of stress singularities in the presence of couple stresses (Zisis et al.,
2014; Gourgiotis et al., 2016; Zisis et al., 2015), one may obtain that the pressure
distribution exhibits the following asymptotic behavior: p(r) = O
(√
a2 − r2 ) in
the vicinity of the contact area. The numerical solution of the singular integral
equation (60) together with complementary condition (62) is then obtained using
the Gauss-Chebyshev quadrature taking also into account the logarithmic kernel.
The general numerical procedure is described in detail in the book of Hills et al.
(1996) and in the context of couple stress elasticity in Gourgiotis and Georgiadis
(2008) and in Zisis et al. (2014). Once the pressure distribution is known the
displacement, rotation, and stresses are found using Eqs (37)-(42).
5 Results and discussion
We now proceed to the discussion of the results obtained for the spherical contact
problem. The results are presented in terms of the microstructural ratios: `/a or
`/R, and the Poisson’s ratio ν.
In Figure 2, we present the effect of the ratio `/a, for constant applied force
P , upon the normalized (a) contact radius a/ac (b) maximum pressure p0/p0c at
the centre of the contact area, and (c) indentation depth δ/δc. All couple stress
elasticity results have been normalized with the corresponding classical elasticity
results which are summarized below for completeness (Johnson, 1987)
ac =
(
3PR (1− ν)
8µ
)1/3
, p0c =
(
24P µ2
pi3R2 (1− ν)2
)1/3
,
δc =
(
9P 2 (1− ν)2
64Rµ2
)1/3
.
(63)
It is observed that the all three ratios present strong dependence upon the ratio
`/a and the Poisson’s ratio ν . As `/a increases the measured normalized contact
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(c) indentation depth δ/δc, upon the ratio `/a and the Poisson’s ratio ν. All the results are
obtained for a constant applied force P .
(b) (c)( )a
Figure 3: Distribution of the normalized pressure p (r) / p0c below the spherical indenter with
respect to the dimensionless radial distance from the center line r/a. The results are presented
for selected values of dimensionless microstructural ratio `/a and Poisson’s ratio ν. All the
results are obtained for a constant applied force P .
radius a/ac decreases, the normalized maximum normalized pressure p0/p0c in-
creases, while the normalized indentation depth δ/δc decreases suggesting a stiffer
response. Regarding the effect of the Poisson’s ratio, we note that for increasing ν
and fixed value of `/a, the normalized contact radius a/ac increases, the maximum
pressure p0/p0c decreases and the normalized indentation depth δ/δc increases.
It is worth noting that for small values of the microstructural ratio `/a the
normalized contact radius in couple-stress elasticity can be given in closed form
as:
a
ac
= 1− (1− ν) `
a
for ` < 0.2a. (64)
The corresponding asymptotic solution is shown in Fig. 2(a) with a dashed line.
Substituting ac from (63)1, we obtain a relation between the applied force P and
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the contact radius a in couple-stress elasticity:
P =
8µ a6
3 (1− ν) (a− (1− ν) `)3R, (couple-stress elasticity), (65)
P =
8µ a3
3 (1− ν)R, (classical Hertz solution). (66)
The distribution of the contact pressure below the spherical indentor is shown
in Figure 3. It is observed that the pressure distribution depends monotonically
upon the ratio `/a. For increasing ratios `/a the pressure below the indentor
increases significantly. On the other hand, as `/a → 0, the classical elliptical
pressure distribution is recovered. Furthermore, it is shown that for increasing
Poisson’s ratio, p(r)/p0c decreases, but p(r) actually increases below the indenter.
Figure 4: Variation of the normalized load, P/µR2 upon the normalized: (a) contact radius,
a/R (b) maximum pressure, p0/µ and (c) indentation depth, δ/R. The results are shown for
selected values of the microstructural ratio `/R and Poisson’s ratio ν.
Next, in Figure 4 we present the effect of the normalized load, P/µR2, upon
the normalized: contact radius, a/R (Fig. 4a), maximum pressure, p0/µ (Fig.
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4b), and indentation depth, δ/R (Fig. 4c). The results now are shown for se-
lected values of `/R and two values for the Poisson’s ratio: ν = 0 and ν = 0.5.
For the results to remain within the frame of the small deformation theory of
elasticity, the ratio a/R is kept below the value of 0.1. All curves are bounded
therefore by an envelope curve (orange dash-dot line). The corresponding classi-
cal elasticity results are also presented (dashed red line). We note that for fixed
load P the contact radius a decreases significantly for increasing `/R which shows
the stiffening effects predicted by the couple-stress theory. The classical elasticity
solution relating P/µR2 and a/R is given in equation (63)1. For `/R ' 0.01 the
classical elasticity solution is essentially recovered while for `/R ≥ 0.5 no further
effect of the microstructural length scale is attained and all the curves coincide
(see Fig. 4[a,b,d,e]). Regarding the dependence of the normalized load P/µR2
with respect to the normalized maximum pressure p0/µ, we note that for fixed
p0/µ, P/µR2 decreases as the normalized microstructural length `/R increases.
Finally, the relation between the normalized load P/µR2 and the normalized dis-
placement δ/R is presented in Figs (4)c and (4)f. It is shown that for fixed load
P the indentation depth δ decreases significantly for increasing `/R which shows
clearly the size-effect predicted by the couple-stress theory.
( )a ( )b
Figure 5: Dependence of the normalized effective Young’s modulus of the microstructured
material Eeff/E upon the normalized indentation depth, δ/R. The results are shown for selected
values of dimensionless microstructural ratio `/R and Poisson’s ratio ν.
Next, Figure 5 presents the dependence of the normalized effective Young’s
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modulus of the microstructured material Eeff/E upon the normalized indentation
depth, δ/R (note that E = 2µ(1+ν)). Again, results are given for selected values
of dimensionless microstructural length `/a and Poisson’s ratio ν. The effective
Young’s modulus can be readily evaluated from equation (63)(a) given the radius
R of the indentor, the applied load P , and, in this case, the attained contact radius
a (or the indentation depth δ) in the context of couple-stress elasticity. It can be
seen that for increasing δ/R the ratio Eeff/E decreases while for given δ/R, the
ratio Eeff/E increases with increasing `/R. Indeed, the attained behavior clearly
demonstrates the size effect observed in various experimental studies (see e.g.
Alisafaei et al., 2014; Han et al., 2016; Chandrashekar and Han, 2016). To this
respect, the experimental results of Alisafaei et al. (2014) illustrate that for epoxy
no evident size effect is attained for δ/R ≥ 0.002 while in the work of Han et al.
(2016) it is experimentally shown that no evident size effect is attained for δ/R ≥
0.024 for PDMS, both using a spherical indenter with R = 250µm. In comparison,
our results from Fig. 5, indicate that in order no size effect to be obtained the
microstructural length should be ` ≈ 0.25µm for epoxy while the microstructural
length should be ` ≈ 0.25 − 2.5µm for PDMS. Furthermore, it is estimated that
if smaller indentation depths were pursued in the PDMS indentation experiment,
size effects would have probably appeared. This is also supported by further
experiments using Berkovich indentors, in which the evaluated effective modulus
does not reach a plateau at small indentation depths. Of course, sharp indentors
seem to be more sensitive in capturing size effects as has been experimentally
shown in the works of Alisafaei et al. (2014) and Han et al. (2016) but also
theoretically shown by Zisis et al. (2014). Nevertheless, the spherical indenter
may be advantageous in cases where limited or no damage at the surface is in
need. Furthermore, from the same set of results it is inferred that for decreasing
R the effective Young’s modulus Eeff increases in accordance with the results of
Garg et al. (2016).
In what follows, we present some details regarding the behavior of the surafce
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(a) (b)
Figure 6: Variation of the normalized vertical displacement uˆz with respect to the normalized
radial distance from the center line r/a. The results are shown for selected values of microstruc-
tural ratio `/a and Poisson’s ratio ν. All the results are obtained for a constant applied force
P .
displacements and selected stress fields. In Figures 6 and 7, we depict the de-
pendence of the normalized vertical displacement uˆz = {aµ/P )uz(r, 0) and the
normalized radial displacement uˆr = (aµ/P )ur(r, 0) upon the normalized radial
distance from the center line r/a for selected values of microstructural ratios `/a
and Poisson’s ratios ν. The classical elasticity solutions are plotted over for com-
parison according to equations (67) and (68) shown below (Johnson, 1987)
for r ≤ ac
ucl.z (r) =
(1− ν)pi p0c ac
8µ
(
2− r
2
a2c
)
,
ucl.r (r) = −
(1− 2ν)
6µ
p0c a
2
c
r
[
1−
(
1− r
2
a2c
)3/2]
,
(67)
for r > ac,
ucl.z (r) =
(1− ν)p0c ac
4µ
[(
2− r
2
a2c
)
sin−1
(ac
r
)
+
r
ac
(
1− a
2
c
r2
)1/2]
,
ucl.r (r) = −
(1− 2ν)
6µ
p0c a
2
c
r
[
1−
(
1− r
2
a2c
)3/2]
,
(68)
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It is observed that for increasing `/a, the vertical displacement uˆz below the
indenter decreases suggesting a stiffer material response, while for distances r ≥ 4a
from the centre line the couple-stress effects diminish and the curves converge to
the classical Hertz solution. Further information is obtained from the behaviour
of the normalized radial displacement uˆr with respect to `/a. In this case, we note
that for ν = 0 classical elasticity suggests negative radial displacements along the
surface of the half-space while for increasing `/a the radial displacements change
sign and become positive throughout `/a ≥ 2. In marked contrast with the
classical Hertz solution, the radial displacement in couple-stress elasticity is not
zero for an incompressible material (ν = 0.5). On the contrary, as `/a increases
uˆr increases significantly attaining a peak value at the end of the contact region
(r = a).
(a) (b)
Figure 7: Variation of the normalized radial displacement uˆr with respect to the normalized
radial distance from the center line r/a. The results are shown for selected values of microstruc-
tural ratio `/a and Poisson’s ratio ν. All the results are obtained for a constant applied force
P .
In Figure 8, we present the dependence of the normalized rotation ωˆθ =
{a2µ /P}ωθ(r, 0) upon the normalized radial distance from the center line r/a
for selected values of the microstructural ratio `/a and Poisson’s ratio ν. The
peak value for the surface rotation is obtained at the end of the contact area
(r = a). It is observed that for increasing `/a the rotations below and outside
the indenter decrease showing that when the microstructure becomes more pro-
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nounced the interface between the indenter and the half-plane becomes stiffer.
An interesting discussion of interface conditions in couple-stress theory is given
by Weitsman (1965). Note that for r ≥ 4a the couple-stress effects essentially
vanish. Finally, from the same Figure, we can further deduce that the surface
rotation ωˆθ increases with increasing R (assuming constant P and `). This effect
is less pronounced for higher values of the Poisson’s ratio in accord with classical
elasticity.
(a) (b)
Figure 8: Variation of the normalized rotation ωˆθ upon the normalized radial distance from
the center line r/a. The results are shown for selected values of microstructural ratio `/a and
Poisson’s ratio ν. All the results are obtained for a constant applied force P .
Regarding the stress field in the half-space, it should first be noted that due
the axisymmetric nature of the problem, the non-vansishing shear stress compo-
nents along the center line r = 0 are zero, i.e. σzr = σrz = 0. Moreover, using
Eqs (41) and (42), it can be readily shown that σrr(r, 0) = σθθ(r, 0). The above
observations imply that normal stresses (σrr, σθθ, σzz) along the center-line (r = 0)
are also principal stresses. Therefore, the principal shear stress along the center
line is given as: τmax = 0.5|σrr−σzz|, and it is indeed the maximum shear stress in
the field as in classical elasticity. Figure 9, illustrates the variation of τmax, with
respect to the normalized distance z/a. In the classical Hertz solution, the maxi-
mum value of the shear stress lies below the surface and exceeds the principal shear
stress at the origin. In fact, it has been shown that τmax = 0.384 p0c at z = 0.38ac
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(a) (b)
Figure 9: Variation of the normalized max shear stress τmax/p0c upon the normalized dis-
tance along the center line from the surface z/a. The results are shown for selected values of
dimensionless microstructural length `/a and Poisson’s ratio ν. All the results are obtained for
a constant applied force P .
for ν = 0, and τmax = 0.226 p0c at z = 0.54ac for ν = 0 (see e.g. Johnson, 1987).
In this case the plastic yielding would be expected to initiate beneath the sur-
face. On the other hand, as the microstructural ratio `/a increases (note that as
` increases, a always decreases, for constant load P ), τmax increases significantly,
while its maximum value is attained now essentially at the surface. Furthermore,
it is noted that for `/a ≤ 0.1, no effect upon the magnitude or the position of
τmax is observed. For design purposes, to confine yielding near the surface of the
material a coarse microstructure is desirable, while a fine microstructure shields
the surface from yielding. We note that similar effects have been observed in the
indentation of graded materials where the attained stress fields shrink normally to
the region of the applied load while they expand laterally for finer microstructural
characteristics, see Zisis et al. (2010). Finally, we should mention the work by
Gao and Zhou (2013) who presented a solution treated in the context of gradi-
ent elasticity. Even though some general qualitative comparison can be drawn,
it should be noted that on one hand this work employs a different generalized
theory than the couple stress elasticity, while on the other hand the authors solve
a pure traction boundary value problem imposing the classical elliptical stress
distribution on the surface of the half-space at an a priori known contact area.
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Both solutions show stiffening effects evidenced by the decrease of the surface
displacements with increasing microstructural length scale and by the decrease
of the average pressure with increasing contact area. However, as it can be seen
from the present results the elliptical pressure profile obtained in classical elas-
ticity according to the Hertzian solution is significantly altered in the presence of
couple stresses. This has also been shown in two dimensional contact problems
in the context of couple stress elasticity as shown by Gourgiotis and Zisis (2016)
and similar results are expected in the case of gradient elasticity.
6 Conclusions
Significant size-effects, which are the result of the existence of material character-
istic lengths, have been observed during indentation of microstructured materials.
To this respect we studied the spherical indentation technique in the context of
couple stress elasticity, which is a simple yet very effective generalized continuum
theory for modeling microstructured materials. Our purpose was to examine to
what extend this rather simple gradient-type theory captures the experimentally
observed indentation response including the reported size effects. The present
study suggests an extension of the classical Hertz contact problem and we be-
lieve that will give useful theoretical guidance for the interpretation of spherical
indentation tests of microstructured materials. In fact, the results show signifi-
cant departure from the well-known classical elasticity predictions, as suggested
by Hertz and other researchers. It was shown that as the microstructural length
becomes more pronounced, the pressure below the indenter increases, while both
the contact radius and the indentation depth decrease compared to the classical
elasticity predictions, suggesting thus a stiffer response. A simple closed form
relation between the applied load P and the resulting contact area a is proposed
that takes into account the material microstructure through the characteristic
length `. In comparison to available experimental results, our solution indicates
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that the microstructural length of epoxy and DPMS is approximately equal to
` ≈ 0.25µm and ` ≈ 0.25 − 2.5µm, respectively. Furthermore, details regarding
the attained stress fields are reported and compared to the corresponding clas-
sical elasticity results. It is finally shown that the principal shear stress attains
its maximum at surface in contrast to the classical elasticity where the maximum
principal shear stress lies below the surface. Hence plastic yielding is expected to
initiate at confined regions adjacent to the surface.
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